INTRODUCTION w x
In 3 we presented a spatially one-dimensional mathematical model for the settling and consolidation of a flocculated suspension under the influence of gravity. This model can be formulated as an initial-boundary value problem of a scalar quasilinear partial differential equation of second order parabolic type for the local volumetric solid concentration as a function of height and time. This equation degenerates into first order hyperbolic type if the concentration is less than a critical value, i.e., on an w x interval of solution values. For this reason, previous results by Gilding 6 w x and Zhao 18 , in which the existence of continuous solutions was shown under the assumption of degeneracy only for singular solution values, cannot be applied here, and discontinuous solutions have to be considered in a more general class. An appropriate definition of generalized solutions w x to the initial-boundary value problem was formulated in 3 , from which entropy boundary and jump conditions were derived subsequently.
In this paper, we prove the existence, stability, and uniqueness of generalized solutions of such initial-boundary value problems. In Section 2, w x we recall some notation and definitions from 3 . The existence of generalized solutions is shown here by the vanishing viscosity method. Therefore we first consider the corresponding family of regularized parabolic initialboundary value problems with a positive viscosity parameter ) 0. The existence of a unique smooth solution for every fixed value of is shown in Section 3. In Section 4, we show that the family of corresponding smooth solutions possesses a limit for ª 0, and that this limit is a generalized solution. In Section 5, we prove the stability of generalized solutions, from which uniqueness follows immediately.
THE INITIAL-BOUNDARY VALUE PROBLEM w x
We study the following initial-boundary value problem 3 : Ž .
where we put formally f u s0 for u -0 or u ) 1. Ž . Ž .
) 0 for -u -1 c ¢ s 0 for u G 1, w x from the unit interval 0, 1 almost everywhere, such that it is sufficient to consider the degeneracy only for 0 F u F and for u s 1. We require Ž . Ž . 1 1 and that the following first order compatibility conditions be satisfied: These conditions are necessary for the existence of a smooth solution from 2, 1 Ž . C Q of the corresponding regularized, parabolic problem. Finally, we
Ž .
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1
Ž . Ž . The initial-boundary value problem 2.1 ᎐ 2.4 describes the settling and consolidation of a flocculated suspension in a one-dimensional ideal continuous thickener of height one: u denotes the volumetric solid concentra-Ž . tion, q t the volume-averaged velocity of the suspension which can be w x controlled externally, f the Kynch batch flux density function 8, 13 , and bk the critical concentration value at which solid flocs begin to touch each c other. In this application, the diffusion coefficient is
where is the effective solid stress which is assumed to be constant for e X Ž . flocs not in touch with each other, i.e., for u F , we have s 0.
c e
Furthermore, L is the height of the thickener feeding level, g the acceleration of gravity, and ⌬D ) 0 the difference of solid and fluid mass Ž . densities. Condition 2.2 corresponds to prescribing an initial concentra-Ž . tion distribution, condition 2.3 to reducing the solid volume flux at the Ž . Ž . discharge surface sink at x s 0 to its convective part q t u 0, t , and Ž . condition 2.4 to continuous feeding of the thickener at level x s 1 with w x fresh suspension. See 3, 4, 13 for more details on the sedimentation model. 
where ٌ s , . We denote by s , the normal to the set of 
Ž
.Ž . measure. To keep the chain rule for the differentiation of f ( u x valid in BV, the composition needs to be replaced by the functional superposition
The definition of generalized solutions is based on an integral inequality w x with Kruzkov entropy functions and corresponding fluxes 7 . Ž .
Ž . '
1 There exists a function g g L Q such that for r s a
Ž .
T there holds
2 The function u satisfies the integral inequality
Ž . Ž .
3. SOLVABILITY OF THE REGULARIZED PROBLEM 3.1. The Regularized Problem Ž . Ž . To prove existence of generalized solutions of problem 2.1 ᎐ 2.4 , we consider the regularized quasilinear parabolic initial-boundary value problem
Ž . and show that the limit ª 0 of its solutions exists. By 3.2 , the initial condition is approximated as well, as the modification of the diffusion coefficient affects the first order comptability conditions at x s 0, t s 0 Ž . Ž . and x s 1, t s 1. Instead of 2.10 ᎐ 2.12 , we now require 
2 w x such that conditions 3.5 ᎐ 3.7 are satisfied, and there hold h g C 0, 1 and 27 243 where the rational constants are obtained by elementary discussion of local extrema. In adition, we will assume that w x
Ž . is valid and F , where the assumption 0 F u t F 1 is maintained. 0 1
Existence of a Solution of the Regularized Problem
We consider the solvability of the regularized parabolic initial-boundary 
Next it will be embedded into a parametric family of problems with w x parameter g 0, 1 . For s 0 we obtain a heat conduction problem.
Ž . 
y␤t Ž . Proof of Theorem 3.2. Let¨x, t [ e u x,t with ␤ ) 0. Thens olves the auxiliary problem
ye f u qu y 1y ¨y e u s0 3.23
Ž . Ž . We will show now that¨x, t G 0 holds for x, t g Q . Suppose thatT Ž . assumes its minimum on Q at the point x , t g Q .
In this case,¨F 0,¨s 0, and¨G 0 Ž .
Ž . boundary value problem for¨x, t can be formulated equivalently in terms of
Ž . Ž .
For brevity, we will not write out the corresponding auxiliary problems here and simply note that the boundary condition for w at x s 0 reads
repeating the arguments used above. For the case x s 0, 0 -t F T, we
For s 1 and ª 0 we obtain Ž . Ž . 
Here, и denotes the norm belonging to the Holder spacë 
Ž . Ž . Ž .
T
We now consider the parametrized family of linear problems
Ž l q 1 . r 2 w x wŽ . x H 0, T , where the compatibility conditions of order l q 1 r2 at w x xs0 and of order lr2 q 1 at x s 1 are assumed to be satisfied. For this solution the uniform estimate 
EXISTENCE OF A GENERALIZED SOLUTION
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We will first show that the family u of solutions of the regularized We shall now derive some estimates for the solutions of the regularized problem. The estimate in Theorem 3.2 is independent of ; in particular, it follows that
Ž . Ž . 1 1 In what follows, we will use continuous approximations of the sign and modulus functions given by 
By the nonnegativity of the last integral and the initial condition, we obtain
HH ž /
Ѩx Ѩx Q T
4.45
The last two integrals vanish for ª 0, due to the following lemma. 
From the boundary condition for w at x s 0 which reads
Ž . Ž . we can infer that if 0 -u 0, t -1, then w 0, t -0 and and we obtain with ª 0 the estimate
H H 
Ž .
i.e., there exists a constant M independent of such that
To derive an estimate for Ѩ u rѨ t, we assume that on the time interval Ž .
Ž . Ž .
Integrating this inequality over Q , 0 F T F T leads to
Due to the boundary conditions, there holds
X Ž . The integrand in I contains the factor sgn¨и¨. We conclude with 2 Lemma 4.1 that I ª 0 for ª 0. Furthermore,
Hence, there exists a constant M ) 0 independent of such that
On the other hand, we have
Ž . By repeating the arguments for the previous time interval, we obtain the Ž . following estimate similar to 4.52 for T F T F T Ј,
Ž . Ž . Continuing this reasoning over the monotonicity domains of u t we can 1 conclude that there exists a constant M ) 0 independent of ) 0 such
. Finally we multiply 3.1 by u y u t to obtain 1
Integrating this over Q and using the boundary conditions,
Using the estimates derived before, we arrive at
Ž . Ž . Let u g C Q be a solution of problem 3.1 ᎐ 3.4 . T Then there exist constants independent of such that the following uniform estimates hold: 
h h h h w x For these test functions, the following lemmata given in 16 are valid: Ž . Ž .
HH HH HH
Ž . Thus, condition 2.13 of the definition of generalized solutions is satisfied.
Ž . To establish the integral inequality 2.14 , we multiply the viscous equation
and k g ‫.ޒ‬ Integrating over Q and integration by parts yields
Ž . X Ž . Taking the limit ª 0, and in view of 1 s 1 and 1 s 0, one gets
The limit for ª 0 exists due to Lemma 4.3,
and for h ª 0 by Lemma 4.2,
Ž w x. yielding integral inequality 2.14 . Here we used see 16 that
is an absolutely continuous measure cf. 14, p.. 371 f. . From boundary Ž . ϱ Ž . condition 3.3 it follows that for all g C 0, T there holds, using the
Ž . we may infer that the initial condition 2.16 is satisfied, since M is a 5 constant depending only on the initial function u and its derivatives. 
